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Definition 13. An involution on an additive category A is an additive con-
travariant functor

*: AP 5 A
together with a natural isomorphism
n:idg — * o *°P

such that, for every object A € A, (n4)* on4- = id4~, i.e., the double dual is
naturally isomorphic to the identity functor and the involution is of order two
up to isomorphism.

We denote such a structure by the pair (A, *).
Example 14. Let R be an associative ring equipped with a ring involution

():R— R, ab=ba, a=a.

Let A be the additive category whose objects are finitely generated, free left
R-modules, and whose morphisms are R-linear maps.
Define a contravariant functor

x: AP 5 A
as follows:
e For each object M € A, let
M?* := Hompg (M, R),
with the structure of a left R-module defined by
(r-f)(m):=f(m)-7 forre R, fe M*" me M.
e For a morphism f: M — N, define

fFiN" > M*, f*(¢):=¢of.

There is a natural isomorphism 7, : M — M**, given by

na(m)(@) == ¢o(m) forme M, € M*.

Thus, (A, *) is an additive category with involution.
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Definition 15. Let A be an additive category with involution. For objects
M, N € A, define a duality isomorphism

Tarn : Homg(M,N*) = Homu (N, M™), 1+ " onn.
In particular, when M = N, we obtain a duality involution
T :=Tnrar : Hom g (M, M*) — Hom (M, M), 1+ " onyy.
Definition 16. For ¢ = &1 and M € A, define the e-duality involution
T. := T : Homa(M, M) = Hom4(M,M"), 1+ 0" onn.

Example 17. Let R be an associative ring equipped with a ring involution
() : R — R. Let A be the category of finitely generated, free left R-modules.
For any M,N € A and ¢ € Hom 4(M, N*), we have ¢*(y)(z) = ¥(z)(y) for all
x € M,y e N.If M = N, by writing ¢(z)(y) =: (z,y) € R

(T-(¥)(2))(y) = ely, z),

for all x,y € M.

Definition 18. Let A be an additive category with involution. An e-quadratic
form in A is a pair (M, ), where M € A is an object together with an element

Y € Q- (M) := coker(1 — 7. : Hom 4 (M, M*) — Hom4(M, M™)).
The form (M, ) is said to be non-singular if the morphism
1+T)w=v+ep*: M > M
is an isomorphism in A.
Definition 19. A morphism of e-quadratic forms
£ (M) > (M)
is a morphism f: M — M’ in A such that

' f =1 € Q(M).

Definition 33. Let A be an additive category with involution. An e-symmetric
form in A is a pair (M, 1), where M € A is an object together with an element

€ QF(M) :=ker(1 —T. : Hom4 (M, M*) — Hom 4(M, M*)).
The form (M, ) is said to be non-singular if the morphism
v M — M*
is an isomorphism in A.

Remark 34. If A is a category of modules over a ring where 2 is invertible,
symmetric and quadratic forms coincide.
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7.1. 3D Zy-toric code. We take A = Z> and denote generators of R corresponding to

three basis vectors by x, y, z, so that R is a Laurent polynomial ring in three variables

x, v, z. 3D toric code is defined by P = R®, L = im(c) with

l—-x O 0 0

l—y O 0 0

1=z 0 0 0
7= 0 0 z—1ly—-1}|" (68)

0 z—1 0 1—x

0O 1—yl—x O

Extp(P/L.R) = Z,,

Exty(P/L, R) = Z,,
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Theorem 78 (Theorem 8.4.12 in [7]). There are equivalences of categories:

{pointed braided fusion categories} «— {pre-metric groups}, (217a)
pointed modular tensor categories} <— {metric groups}. 217b
p 2 group.

Modular tensor categories correspond to (2+1)-dimensional topological quantum field theories via
the Reshetikhin-Turaev construction [31], which assigns a TQFT to each MTC. Freed and Teleman [8]
show that such a TQFT can support a gapped boundary if and only if the underlying MTC is equivalent
to the Drinfeld center of a fusion category—that is, when the theory also arises from a Turaev—Viro
model [36]. In the case of pointed MTCs, their condition for supporting a gapped boundary translates
to the corresponding metric group being metabolic. This criterion has a natural counterpart in abelian
Chern—Simons theory, where gapped boundaries correspond to Lagrangian subgroups of the charge
lattice, as studied by Kapustin and Saulina [16].
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Corollary 9. Let M be a finitely generated R-modules, for all i > 0, there is a canonical isomorphism
Tor®(M, R) = Homp(Ext (M, R), R). (37)
In particular,

Tor® (M, R) = 0 if and only if Exth(M, R) = 0. (38)

Proof. Let A= M,B =R and C = R in the proposition above. Then (38) is deduced from the fact
that R is a cogenerator. O

By Corollary 9, Z,-duals of charge modules of a stabilizer code described by a Lagrangian L C P
are given by Tor modules:

Torf | (P/L, R) 2 Homg(QY, R) = Homz, (Q%,Z,). (39)
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